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A B S T R A C T 
This paper presents seventy new experimental results from PMMA notched specimens 
tested under torsion at - 6 0 °C. The notch root radius ranges from 0.025 to 7.0 mm. At this 
temperature the non-linear effects previously observed on specimens of the same material 
tested at room temperature strongly reduce. 
The averaged value of the strain energy density over a control volume is used to assess 
the critical loads to failure. The radius of the control volume and the critical strain energy 
density are evaluated a priori by using in combination the mode III critical stress intensity 
factor from cracked-like specimens and the critical stress to failure detected from semicir-
cular notches with a large notch root radius. 
1. Introduction 
Modelling damage around notches has proven to be very difficult and strongly dependent on the microstructural aspects 
of each material. Therefore, proposed fracture criteria are based on critical values of some macroscopic stresses [1], critical 
virtual cracks [2-5], non-local averaged parameters [6], stress intensity factors [7-12], notch rounding approach [13,14], 
strain energy density (SED) [15-21], J-integral [22,23] and Cohesive Zone Models [24-29]. 
Under linear elastic conditions when the stress concentrators are cracks, the stress intensity factors, SIFs, provided by the 
linear elastic fracture mechanics can be applied. Notch stress intensity factors, NSIFs, substitute SIFs in the case of sharp, zero 
radius, V-notches. As soon as the notch is blunted, i.e. the notch root radius R is not zero, the stress singularity disappears. The 
linear elastic fracture mechanics continues to be valid, but up to a some critical value of R which varies from material to 
material [30]. The problem becomes more involved if the loading symmetry is lost, i.e. when the notched structural compo-
nent is subjected to mixed mode loading as widely discussed in previous works by other researchers [31-36] and also by the 
present authors [37-42]. 
While systematic experimental data on fracture of blunted notched specimens (with notches of different root radii) 
loaded under mode I and mixed mode loading (1+ II) have been recently provided [33,34,37-41], the results from blunted 
notched specimens under torsion loading are relatively scarce since the research activity has mainly considered cracked bars 
under torsion [43-48]. 
Some results were reported from ceramic notched components under combined tension and torsion, brittle glass and 
graphite under pure torsion [49-51]. In those papers the authors underlined that no other data were available in the 
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literature. In parallel, many researchers have devoted strong efforts to investigate theoretically the stress distributions of 
sharp and blunt notches under torsion loading and under linear elastic conditions [52-59]. 
Dealing with the specific case of blunted notches and polymethyl-methacrylate (PMMA) samples, some experimental re-
sults under mixed mode (I + III) loading were provided in [60]. V-notched bars with a constant value of the opening angle 
(2a = 60°) and a root radius ranging from 0.2 to 1.2 mm were considered. Some results from semicircular notches with a lar-
ger notch root radius (4.0 mm) were also provided in that contribution. In Ref. [60] cracking and fracture of PMMA shown by 
the notched specimens loaded in torsion were seen to be very complex. In particular, the torque vs. twist angle curves were 
characterised by an initial linear-elastic stretch followed by an almost horizontal plateau preceding the final fracture. Strong 
non-linear effects were observed and documented by those authors. 
Similar effects have been recently reported by the present authors who have summarised results for different kind of 
notched specimens made of PMMA (V-shaped, U-shaped and round shaped notches) [61]. That paper gives an account of 
about 70 fracture tests from notched specimens (with notches of different depth and radii) under torsion loading. In all 
tests, maximum loads and failure angles have been measured as a function of notch root radius and specimen 
geometrical configuration. PMMA specimens under torsion loading behave completely differently from those tested un-
der tensile loading; the notched specimens during the torsion tests display a large plastic behaviour and the influence of 
the effective resistant net area is found to be the predominant parameter instead of the notch shape details (i.e. notch 
opening angle and tip radius). A non-conventional approach of these data in terms of strain energy density, as an 
extension of previous contributions [62-64], has been carried out showing a good agreement between 
experimental results and theoretical fracture assessment but only when the notch root radius is lower than or equal 
to 5 mm. 
With the aim to strongly reduce (or remove at all) the non-linear effects observed at room temperature, some new tests at 
low temperature have been performed on the same material. 
Altogether 70 new results from PMMA specimens tested under torsion at - 6 0 °C are summarised in the present 
contribution. 
The same kind of notches used in [61] have been considered to survey a wide range of stress concentrations. The spec-
imens have been tested at - 6 0 °C to have a behaviour closer to the linear elastic one, as previously made under mode I and 
mode II loadings [37-41]. 
The results obtained in [61] showed that at room temperature the SED provides a good prediction of the maximum tor-
ques up to a limit value of the notch root radius equal to 5 mm. At low temperature, this restriction is removed, with a failure 
reasonably governed by the stress concentration effects. The averaged SED criterion provides good maximum torque assess-
ments for all specimens, independent of the notch root radius. The control volume radius and the critical SED values were 
found to be dependent on the temperature. 
2. Experimental programme 
2.3. Test samples 
Tests were performed with polymethylmethacrylate (PMMA), an amorphous glassy polymer tested at - 6 0 °C. 
Different specimen geometries were evaluated, as indicated in Fig. 1; plain specimens (la) for material characterisation 
(notch radius at the shoulder R = 40 mm), cracked specimens (lb), cylindrical specimens with U- and V-notches ( lc and Id), 
as well as with semicircular notches (le), to explore a large range of geometrical configurations. 
Specimens were made from 2 m long round bars of 20 mm of diameter purchased to a PMMA manufacturer. All these bars 
were made from the same batch. Bars were cut into 200 mm long specimens. Notched specimens were machined in a turning 
lathe: lathe speed was set to 800 r.p.m. and the specimens were cooled by injection of liquid coolant on the machining region 
to avoid material damage due to an excessive temperature increase. A specific chisel was made for each geometry. These 
chisels were made of cobalt enriched steel and they all had the shape of its respective notch geometry. 
For U-notched specimens (Fig. lc), notches with four different notch root radii, R, were tested; R = 0.3, 0.5, 1.0, 2.0 mm. 
The effect of the net area was achieved by changing the notch depth d. Two values of the notch depth were used, d = 2 mm 
and d = 5 mm, with a constant gross diameter equal to 20 mm. 
For V-notched specimens (Fig. Id), notches with five different notch root radii, R, were tested; R = 0.1, 0.3, 0.5, 1.0 and 
2.0 mm. The notch opening angle was kept constant and equal to 120°. The effect of the net area was achieved by changing 
the notch depth d. Two values were used; d = 2 and 5 mm with a constant gross diameter equal to 20 mm. 
For semicircular notches (Fig. le), notches with seven different notch root radii, R, were tested R = 0.5,1.0, 2.0, 4.0, 5.0, 6.0 
and 7.0 mm. 
All in all, 22 different geometrical configurations were tested. Because each one was repeated at least three times, a total 
number of about 70 tests were performed. Fig. 2 shows the specimens used in the tests while Table 1 gives the theoretical 
stress concentration factor I<tnet of all geometries, as determined by FE analyses (ANSYS code, version 11). 
The nominal stress has been evaluated according to Coulomb's expression as [65]: 
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Fig. 1. Geometry of plain, cracked and notched specimens (a-e). 
Fig. 2. Photos of the PMMA specimens. 
Table 1 
Values of the notch stress concentration factor referred to the net area. 
d (mm) R (mm) ^r.net 
U-notches 5 0.3 2.30 
0.5 1.88 
1.0 1.49 
2.0 1.21 
2 0.3 2.58 
0.5 2.14 
1.0 1.75 
V-notches 5 0.1 2.54 
0.3 1.95 
0.5 1.74 
1.0 1.50 
2.0 1.34 
2 0.1 2.78 
0.3 2.13 
0.5 1.89 
1.0 1.62 
Semicircular notches 0.5 0.5 1.74 
1 1 1.59 
2 2 1.40 
4 4 1.21 
5 5 1.14 
6 6 1.10 
7 7 1.06 
where Mt is the torque moment applied to the specimen and <p 2d the net diameter. 
The theoretical stress concentration factor I<t ne t which quantifies the severity of the notch geometry can be then evalu-
ated as: 
K t,net " T T m a X ( 2 ) 
^ nornfi 
where T M A X is the maximum stress at the notch tip. 
2.2. Testing procedure 
Low temperature tests have been carried out in a TT-D1115 Instron testing machine. 
The angle has been measured by a longitudinal Instron 2620-602 extensometer of 12.5 mm of gauge length, ±2.5 mm and 
0.15% error at full scale (see Fig. 3). 
Low temperature has been reached by controlled injection of liquid N2 into an Instron environmental chamber. In order to 
avoid damage on the specimens due to large thermal stress gradients, temperature has been decreased progressively using a 
constant rate of - 1 °C/min. Temperature inside the chamber has been controlled by using a Pt-100 thermometer. Addition-
ally a thermocouple has been attached to the specimen in order to check the temperature on its surface. To ensure a 
(a) (b) 
Fig. 3. Detail of the devices used to measure the rotation angle in (a) notched specimens and (b) 12.5 mm unnotched specimens. 
homogeneous temperature distribution inside the specimen, the temperature - 6 0 °C has been kept constant for 20 min 
before starting each test. All samples were tested up to failure under displacement control at rate of 2°/min. The test speed 
was selected after a set up of the system to guarantee that the strain rate does not affect the final results. This angle rate 
allows a direct comparison with the tests carried out at room temperature. 
Fig. 4a shows the environmental chamber during a test and Fig. 4b shows a plain specimen at failure. 
Sudden brittle or quasi-brittle failures, with fragmentation of small parts of the specimens embracing the highly stressed 
region, systematically occurred for values of the notch depth lower than d = 2 mm, both for U- and V-notches, independent of 
the notch radius, R. Again, in the case of semicircular notches, fragmentation occurred when the notch depth (here d = R) was 
lower than or equal to 2 mm. The same phenomenon occurred also in the V-notches with d = 5 mm, but only when the notch 
Fig. 4. Instron environmental chamber (a) and example of a unnotched specimen at failure (b). 
radius R was greater than or equal to 1 mm. All samples broke suddenly without evident cracking before the final failure. For 
the specimens characterised by final fragmentation the fracture surface was irregular with a relevant detachment of material 
that compromised the original geometrical configuration not only on the notch bisector line but also along the notch flanks. 
On the other hand, the topography of the fracture surfaces of the specimens which did not explode at the failure was char-
acterised by irregular inclined fracture planes with partial detachment of the material in the close neighbourhood of the 
notch tip. For these reasons it was not possible to track precisely the actual crack path at fracture initiation. 
The effects of the fragmentation at failure are particularly evident in Fig. 5 whereas they are limited in Fig. 6. The effect is 
absent in Fig. 7. 
2.3. Experimental results 
In previous works by the authors [28,37-39] tensile tests with PMMA specimens at low temperatures had shown an al-
most linear elastic mechanical behaviour up to failure (see Fig. 8a). However, in the torsion tests reported here the specimens 
exhibited a non-linear behaviour from the beginning of the loading process. Fig. 8b shows a typical torque versus angle curve 
obtained in the characterisation tests. The abovementioned non-linear behaviour can be observed. 
Table 2 lists all experimental results from U-notched specimens. For every notch geometry, the maximum torque and the 
nominal shear stress (referred to the net sectional area of the specimens) are reported. Such nominal shear stress has been 
evaluated according to Eq. (1). 
As it can be realised, loads increase as the notch depth decreases, as expected. They are also sensitive to the variation of 
the notch root radius: by increasing the radius the critical load also increases and this is true especially for the notch depth 
equal to 5 mm. 
Table 3 shows all the experimental results from V-notched specimens. For every combination of geometrical parameters, 
maximum loads (torque and T N O M N ) were summarised as a function of the chosen notch radii and depths. It is worth noting 
that for V-notches the load increases while decreasing of notch depths, whereas it is less sensitive to the notch root radius. 
By comparing the results from U-and V-notches it is clear that also the influence of the notch opening angle on the max-
imum torque load is very limited. 
Table 4 summarises the results from semicircular notches in terms of maximum torque and nominal shear stresses. In 
this case, as the notch radius increases, the maximum torque decreases. The reason behind this result lies on the net area 
reduction with the increase of notch tip radius in the case of semicircular notched specimens. 
Table 5 summarises the results from cracked-like specimens (averaged notch root radii equal to 0.025 mm) in terms of 
maximum torque and nominal shear stresses. As widely discussed and proved in Ref. [39] dealing with the same material 
tested at - 6 0 °C, a notch radius lower than 0.1 mm can be assimilated to a sharp notch. 
The notch tip radius was found to be 0.025 ± 0.005 mm. Four different measurements were carried out for each speci-
mens, in order to have a representative value. The sharp notches were obtained by machining an initial crack of 
0.075 mm of depth with a radial saw, and then the cracks were sharpened by using a diamond wire saw until getting the 
final dimensions of the notch. 
Two different crack depths have been considered, d = 2 and 3 mm. These values will be used in the next section to deter-
mine the mode III critical stress intensity factor, J<mc. 
Torque versus angle (25 mm gauge length) curves obtained at room temperature are plotted in Fig. 9 [61]. Due to the 
relatively low experimental scatter, only one single curve for each notch geometry is shown. It can be observed how the 
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Fig. 5. Fragmentation occurred during a test on a V-notched (a) and a U-notched (b) specimen (d = 2 mm). 
(a) <b) 
Fig. 6. Failures with partial fragmentation for (a) a U-notched specimen and (b) a V-notched specimen (d = 5 mm). 
Fig. 7. Failures without fragmentation for a semicircular notch (R = 6 mm). 
behaviour is remarkably non-linear. Actually, for V and U notched specimens, the maximum load depends only on the notch 
shape but not on the notch tip radius. This behaviour suggests that a large amount of plasticity/non-linearity is developing 
on the notched section and therefore all points in this region have a similar stress value, which is governed by the almost 
constant stress value of the plateau on the material stress-strain curve once plasticity has been fully developed. 
Torque versus angle (again with 25 mm gauge length) curves obtained at - 6 0 °C are plotted in Fig. 10. Once more, for the 
sake of simplicity and given the repeatability of the results, only one single curve for each geometry is provided. 
Previous tests on three point bending tests had shown an almost linear elastic behaviour up to failure [27-29]. Therefore, 
a similar behaviour was expected on these torsion tests. However, although the temperature decrease makes the specimens 
behaviour considerably more brittle in terms of failure angles, it can be noticed how the curves show a non-linear shape from 
their beginning, independently of the type of notch geometry. 
However, unlike in the case of the room temperature tests, the maximum torque that each specimen type is able to with-
stand is dependent on the notch tip radius. In the author's opinion, this result suggests that failure is primarily governed by 
the stress concentration at the notch tip. Therefore, although the decrease of temperature has not been able to "linearise" the 
specimens behaviour, it has succeeded in the purpose of concentrating all the damage and failure mechanisms at the notch 
tip. 
3. Averaged strain energy density 
The averaged strain energy density, SED, criterion, first proposed in [19], states that brittle failure occurs when the mean 
value of the strain energy density over a control volume, W, (which becomes an area in two dimensional cases) is equal to a 
critical energy Wc. The first to apply a point related energy based approach to V-sharp notches were Sih and Ho [15] (see also 
references therein). They evaluated the strain energy density in a point at a certain distance from the notch tip. 
Angle [degrees] 
Fig. 8. Unnotched specimens at low temperature (PMMA at - 6 0 °C): tensile loading (a) and torsion loading (b). 
Table 2 
Maximum torque measured from U notched specimens and corresponding nominal shear stress evaluated on the net transverse section area. 
d (mm) R (mm) Torque (Nm) Tnom.n (MPa) SED (MJ/m3) 
5 0.3 17.95 91.42 3.26 
0.3 22.65 115.36 5.19 
0.3 19.97 101.71 4.03 
0.5 26.14 133.13 6.92 
0.5 27.31 139.09 7.55 
0.5 27.47 139.90 7.64 
1 29.31 149.27 8.09 
1 29.8 151.77 8.36 
1 30.56 155.64 8.80 
2 31.36 159.72 8.36 
2 30.79 156.81 8.06 
2 32.36 164.81 8.91 
2 0.3 114.79 142.73 10.34 
0.3 112.21 139.52 9.58 
0.3 90.89 113.01 6.29 
0.5 104.15 129.50 8.21 
0.5 115.15 143.18 10.04 
0.5 114.94 142.92 10.01 
1 124.65 154.99 11.17 
1 76.24 94.80 4.17 
1 114.69 142.61 9.45 
The SED approach is based both on a precise definition of the control volume and the fact that the critical energy does not 
depend on the notch sharpness. Such a method was formalised and applied first to sharp (zero radius) V-notches [19] and 
later extended to blunt U- and V-notches under mode I loading [21]. On a tensile loading case, the radius Rc of the control 
volume over which the energy has to be averaged, depends on the ultimate tensile strength, the fracture toughness and Pois-
son's ratio in the case of static loads. In the case of sharp V-notches the control volume is simply a circular sector having its 
centre on the point of stress singularity (Fig. 11). The volume assumes a crescent shape in the case of blunt notches. A precise 
definition of the control radius under linear elastic hypothesis is given in Ref. [21] for mode I and mixed, I + II, loading 
Table 3 
Maximum torque measured from V notched specimens and corresponding nominal shear stress evaluated on the net transverse section area. 
d (mm) R (mm) Torque (Nm) Tnom.n (MPa) SED MJ/m3 
5 0.1 29.06 148.00 8.10 
0.1 31.79 161.91 9.96 
0.1 19.02 96.87 3.47 
0.1 22.43 114.24 4.82 
0.1 28.16 143.42 7.60 
0.3 20.3 103.39 3.96 
0.3 18.6 94.73 3.33 
0.3 19.1 97.28 3.51 
0.3 24.24 123.45 5.65 
0.3 22.31 113.62 4.79 
0.5 18.68 95.14 3.35 
0.5 19.2 97.78 3.54 
0.5 19.73 100.48 3.74 
0.5 18.78 95.65 3.39 
0.5 20.23 103.03 3.93 
1 31.59 160.89 9.44 
1 32.64 166.23 10.08 
1 30.79 156.81 8.97 
2 31.39 159.87 8.82 
2 33.7 171.63 10.16 
2 31.63 161.09 8.95 
2 0.1 93.87 116.72 6.43 
0.1 122.52 152.34 10.96 
0.1 98.67 122.69 7.11 
0.3 94.19 117.12 6.45 
0.3 79.39 98.71 4.58 
0.3 78.52 97.63 4.48 
0.5 73.91 91.90 3.95 
0.5 77.94 96.91 4.38 
0.5 80.31 99.86 4.65 
1 93.45 116.20 6.11 
1 102.82 127.85 7.40 
1 124.65 154.99 10.88 
Table 4 
Maximum torque measured from semicircular notched specimens and corresponding nominal shear stress evaluated on the net transverse section area. 
d (mm) R (mm) Torque (Nm) W (MPa) SED (MJ/m
3) 
5 5 30.3 154.32 6.66 
5 5 28.22 143.72 5.78 
5 5 28.39 144.59 5.85 
6 6 15.21 151.30 5.74 
6 6 15.53 154.53 5.23 
6 6 15.77 156.87 6.17 
7 7 7.12 167.88 6.24 
Table 5 
Maximum torque measured from cracked specimens and corresponding nominal shear stress evaluated on the net transverse section area. 
d (mm) R (mm) Torque (Nm) Tnom.n (MPa) SED (MJ/m3) 
3 <0.025 57.37 106.48 5.55 
54.53 101.21 5.02 
60.95 113.13 6.27 
64.82 120.31 7.09 
2 <0.025 95.62 118.89 7.01 
97.36 121.06 7.26 
conditions. The averaged value of the strain energy density (SED) over a well-defined control volume surrounding the notch 
tip has been used profitably to summarise the static strength data of notched specimens under static loads [19,37-42] as 
well as notched components and welded joints under fatigue loading. Dealing with static loads, the SED approach has suc-
cessfully been applied to assess the critical loads to failures of brittle or quasi-brittle materials weakened by U- and V-
notches. About 1200 experimental data under mode I and mixed mode conditions (I + II) were summarised in Refs [40,42]. 
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Fig. 9. Experimental results obtained in the room temperature torsion tests for (a) U-notched specimens, (b) V-notched specimens and (c) circular notched 
specimens. 
Recently the SED approach was also applied to summarise a number of fatigue data from V-notched specimens subjected 
to uniaxial and multiaxial loading [63,64]. Under torsion loading a number of non-linear elastic effects were detected result-
ing in a control volume dependent on the loading mode [61]. The volume radius under torsion resulted to be much greater 
than the radius under tensile loading. 
Before going into details about the specific calculations for the SED criterion, some features should be given about how 
the SED criterion has been applied to these tests. The SED criterion is applied here assuming linear elastic behaviour, how-
ever, as we describe in the last paragraph of Section 2.3, the present tests were characterised by a slight non-linear behav-
iour. Therefore some assumptions have been made in order to translate our slight non-linear behaviour to an elastic linear 
one for the evaluation of the parameters required for the definition of the control volume. It is worth mentioning that also 
Seweryn [7] applied a linear elastic fracture criterion based on the critical value of the notch stress intensity factor although 
for duraluminum specimens some visible plastic deformations were present. In that paper some important guidelines were 
given to overcome the non-linearity occurring when testing unnotched or severely notched specimens. 
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Fig. 10. Experimental results obtained in the low temperature ( - 6 0 °C) torsion tests for (a) U-notched specimens, (b) V-notched specimens and (c) circular 
notched specimens. 
Rc+r0 
Fig. 11. Shape of the control volume (area) for V-sharp notches (a), cracks (b) and blunt V-notches (c). The outer radius of the crescent shape volume, i?c + r0, 
intersects the semicircular notch root edge or the rectilinear flanks of the V-notch. 
Unnotched specimens often exhibit a non-linear behaviour also under tensile loading whereas the behaviour of notched 
specimens remains linear as underlined in Ref. [7], 
Under these circumstances and extending the same concept to the torsion loading, the critical stress Tc should be substi-
tuted by the maximum stress existing at the edge at the moment preceding the cracking, as underlined in Ref. [7] where it is 
also recommended to use tensile specimens with large semicircular notches to avoid any notch sensitivity effect. The critical 
stress Tc has been estimated here by using the average value of the stresses obtained from semicircular notches with a radius 
equal or greater than 5 mm (see Table 4). All these radii are characterised by a very low value of the stress concentration 
factor which is in all the cases lower than 1.14 (see Table 1). 
The critical stress intensity factor has been obtained by using the following equation according to the traditional linear 
elastic fracture mechanics: 
Kmc = \\m\f2nrxez (3) r—0 
The results for the considered cases are reported in Table 6. An average value of 6.02 MPa m0'5 has been obtained. To ap-
ply Eq. (3) the numerical models of the cracked specimens have been carried out (Ansys 11.0) by using a very fine mesh near 
the crack tip and the shear stress T0z has been determined along the bisector line. 
Table 7 summarises all the material parameters (Tc, G, V and /<IIIC) that are going to be used in the coming sections. All the 
data are compared with those obtained at room temperature. 
It is well visible from the table a strong difference between the critical stress Tc measured at room temperature (67 MPa) 
and that obtained in the present work (153 MPa). 
3.1. Computing the radius of the control volume 
According to [62-64], the radius of the control volume for a bar with a circumferential crack subjected to torsion can be 
obtained through the following expression: 
^-mm' 
where J<IIIC is the mode III critical stress intensity factor obtained through Eq. (3) and, for the crack case, e3 = 0.4138, as shown 
in [62-64], 
By considering the average values of the critical stress Tc measured from the semicircular specimens as described above 
and the average value of the critical stress intensity factor J<mc (see Tables 6 and 7), the control volume radius becomes: 
153.1 1 = 0 4 6 m m 
Table 6 
Critical mode I stress intensity factors at room and low temperature. 
Specimens d (mm) Mode III stress intensity factor 
Room temp. (MPa m 1 ' 2 ) Low ( - 6 0 °C) temp. (MPa m 1 ' 2 ) 
1 
2 
3 
4 
5 
6 
Mean values 
3.38 
3.20 
3.48 
3.35 
5.61 
5.33 
5.96 
6.33 
6.38 
6.49 
6.02 
Table 7 
Mechanical properties of PMMA at different temperatures. 
Mechanical property - 6 0 °C 20 °C 
Shear elastic modulus (MPa) 1800 1280 
Elastic modulus (MPa) 5050 3600 
Poisson's ratio 0.4 0.4 
Tensile s trength (MPa) 128.4 74.0 
Torsional s trength (MPa) 153.1 67.0 
Fracture toughness I<iC (MPa m 1 ' 2 ) 1.7 1.0 
Critical JfIIIC (MPa m 1 ' 2 ) 6.02 3.35 
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Fig. 12. Synthesis based on the apparent SED; i?c = 0 .46mm. Scatter band taken from [61], 
Contrary to Ref. [61], where the presence of large scale yielding did not allow to establish a priori the value of the radius, 
in the present contribution the radius has been determined from measurements with smooth notched specimens and 
cracked specimens [19,21]. Note that the obtained value for the critical radius is very high in comparison with that found 
for the same material under tension loads: Rc = 0.1 mm at room temperature [21], reduced to Rc = 0.035 mm at - 6 0 °C 
[37-39]. It is just a bit lower, Rc = 0.46 mm, than the reference value Rre{ = 0.5 mm proposed in [61] for the final synthesis 
in terms of SED. 
3.2. Computing the critical energy 
The critical energy value can be obtained from the maximum shear strength Tc by using the following expression: 
w<=i ( 5 ) 
where G is the shear modulus. 
By substituting the critical stress Tc and the G modulus measured from the plain specimens as explained above, we find 
Wc = 6.5 MJ/m3. 
3.3. Computing the average strain energy density 
Having obtained the Rc value in Section 3.1, the mean value of the strain energy density over the control volume can be 
easily evaluated using the mode III notch stress intensity factor (sharp notches), the theoretical stress concentration factor 
(blunt notches) or directly from finite element models. As discussed in [66,67] the SED can be accurately evaluated by using a 
coarse mesh. 
For a blunt V-notch under mode III loading, the volume is axi-symmetric while the cross section is the crescent shape 
which cross section is the crescent shape shown in Fig. 11, where Rc is the depth measured along the notch bisector line. 
The outer radius of the crescent shape is equal to Rc + r0, being r0 the distance between the notch tip and the origin of 
the local coordinate system (Fig. 10), r0 = R(n - 2a)/(2n - 2a), which depends on the V-notch opening angle 2a and the 
notch root radius R. 
With the aim to evaluate the SED for the 22 considered geometries, finite element simulations have been performed by 
using Ansys 11 and assuming a linear elastic behaviour for the material (with the mechanical properties shown in Table 7 for 
the PMMA at - 6 0 °C). Although some non-linear effects which yet characterise (also at low temperature) the torque versus 
angle (25 mm gauge length) curves this assumption seems to be realistic. By comparing Figs. 9 and 10 it is evident that at low 
temperature the behaviour is more brittle in terms of failure angles and the notch sensitivity of the material is strongly in-
creased with respect to the tests carried out at room temperature [61]. The detailed values of SED are listed in the last col-
umn of Tables 2-5. 
3.4. Analysis of results 
Fig. 12 summarises all the data from - 6 0 °C tests. 
The square root of the normalised value of the average strain energy density is plotted versus the notch tip radius nor-
malised by the control radius Rc. The scatter is increased with respect to the range 0.8-1.2 found at room temperature [61]. 
On the other hand, the dispersion of the data with respect to the reference value Wc seems to be well-balanced and the 
relative deviation is comparable to that found in previous syntheses for PMMA tested at low temperature under mixed mode 
loading (I + II) [37-39], 
Fig. 13a-c shows a comparison between the assessed values of torques based on the SED and the experimental values 
from U-notches (d = 2 mm), V-notches (d = 2 mm) and semicircular notches tested at low temperature. The trend for the 
assessed torque is satisfactory. 
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A final synthesis comparing the data obtained in Ref. [61] from room temperature tests and those obtained in the present 
work from low temperature tests is shown in Fig. 14. For all data obtained at room temperature the SED has been evaluated 
over a control volume having a reference radius equal to 0.5 mm, as explained in [61]. In contrast to the room temperature 
tests, where the results for semicircular notches with R greater than 5 mm lied outside the scatterband, at low temperature 
all these data fall inside it. As expected, the reference value of the critical SED is very different at room temperature when 
compared with that obtained at - 6 0 °C (3.5 MJ/m3 against 6.5 MJ/m3). 
On the basis of the results obtained in the present work, it seems that the strong non-linear effects observed at room tem-
perature, have been reduced (although not at all removed) with the new tests at low temperature on the same material. The 
specimens tested at - 6 0 °C have shown a more brittle behaviour. However, some evident non-linear effects are present also 
at - 6 0 °C but, contrary to room temperature tests, in this case the failure is sensitive to the stress concentration effects and 
then to the shape of the notch, in particular to the notch tip radius. 
Future efforts have to be devoted to consider the real material behaviour for improving the fracture assessment in pres-
ence of non-linearities, at least for small scale yielding (see Refs. [68-73]). 
4. Conclusions 
This paper gives an account of about 70 new fracture tests from notched specimens (with notches of different depth and 
radii), loaded under torsion at - 6 0 °C. In all tests, maximum loads and failure angles were measured as a function of notch 
root radius and specimens geometrical configuration. Repeatability of measurements was rather good considering the 
unavoidable small differences in machining notch root radii. 
Although the temperature decrease makes the specimens behaviour considerably more brittle in terms of failure an-
gles with respect to the tests performed at room temperature, the torque versus angle curves display a clear non-linear 
shape from their beginning, independently of the type of notch geometry. However the results show a good sensitive-
ness to the notch effect in particular to the notch radius and depth. The data are less influenced by the notch opening 
A final synthesis of the present data in terms of strain energy density is carried outin the paper, summarising previous 
results at room temperature and the new results at - 6 0 °C. 
At room temperature, despite the largely inelastic behaviour of the PMMA, the results obtained provided a good prediction 
of the maximum torques but only up to a limit value of the notch root radius (about 5 mm). At low temperatures this restric-
tion is removed and all results lay inside the scatter band. Despite the slight non-linear behaviour, failure is basically gov-
erned by the stress concentration effects and the SED criterion is again able to provide a good prediction of the maximum 
torque for all specimens. 
At - 6 0 °C, the radius of the volume has been determined a priori by using as input parameters the critical shear stress 
from smooth notched specimens and the critical stress intensity factor from cracked specimens as well as the Poisson's ratio. 
The synthesis allowed us to summarise all the data independently of the notch root radius and notch depth in a single scatter 
band slightly enlarged with respect to that reported in [61]. The scatterband includes the data from cracked specimens as 
well as the data from semicircular and unnotched specimens. 
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